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We construct all the possible non-relativistic, non trivial, Galilei and Carroll kcontractions of the Maxwell algebra in D + 1 space-time dimensions. without central extensions. For non trivial solutions, we intend the ones with a non abelian algebra of the momenta. We find in both cases, Galilei and Carroll, 8 non trivial solutions.
We study also the electromagnetic properties of the solutions, defined according to the scaling performed on the charges present in the Maxwell algebra. We find that besides the electric and magnetic contractions studied in the literature for k = 1, there exist also contractions where the two types of charges are scaled in the same way.
I. INTRODUCTION
We will be interested in an extension of the relativistic space-time translations by means of an antisymmetric tensor Z µν defined by
with Z µν commuting with all P µ 's and among themselves. Of course, being a tensor the charges Z µν do not commute with the Lorentz generators. Therefore these charges are central for the translation group but not for the Poincaré group.
By looking at the commutator in eq. (1) it is quite clear that in any physical realization of this algebra the charges Z µν should be identified with an abelian gauge field, that is usually identified with an electromagnetic (EM) field. For this reason, this algebra is called Maxwell algebra and it was introduced in [1] as the symmetry of the covariant solutions of the Klein-Gordon field in a homogeneous classical electromagnetic field. The symmetries of the particle moving in a given constant electromagnetic field was studied before in [2] , the Lorentz generators that preserve this field span a two dimensional abelian group. The
Maxwell group has been further studied for example, in [3] [4] [5] .
The motion of a relativistic particle in a generic EM constant field, not fixed, was studied in [6] assuming the Maxwell group as the symmetry of the model. It was also noticed that there are infinite extensions of the Maxwell algebra that are the symmetries of a particle in a generic EM field. The mathematical structure of these algebras has been elucidated in [7] as a Free Lie algebra generated by the space-time translations.
The motion of a non relativistic particle in a constant fixed EM field was considered in [8] . The non-relativistic Maxwell algebras were studied in [3, 9] . There are two type of NR Maxwell algebras that were obtained as magnetic and electric limit of the EM field [10] . In an algebraic way they correspond to two type of inequivalent contractions of the Maxwell algebra.
In this paper we will study all the possible k-contractions of the Maxwell algebra with no central extensions. Here k has to do with the number of space-time dimensions one is contracting, or scaling (see later for a more precise definition). We will be interested only in solutions leading to a non abelian algebra of the momenta. In fact, from a physical point of view, only in this case the charges Z µν lead to an interpretation in terms of an EM field [6] .
Therefore, we will define the case where the algebra of the momenta is abelian as a trivial one. In the trivial cases the algebraic structure is the one of the contracted Poincaré algebra plus a set of charges with various behaviour with respect to the contracted boosts.
The contractions discussed in ref. [10] correspond to two particular cases of the k = 1 contraction. These two different cases of non relativistic limit give rise to two different ways of performing the contraction, the magnetic and the electric contractions. When the magnetic field scales faster that the electric, one speaks of a magnetic non relativistic limit. In the opposite case, one speaks of electric non relativistic limit. We will examine k contractions of the Galilei and of the Carroll case. These two possibilities differ in the fact that in the Galilei case we contract only space variables, whereas for Carroll we contract also the time variable. For a generic k-contraction, in both cases we find 8 non trivial inequivalent contractions. With respect to the magnetic and electric cases we find 3 magnetic and 2 electric solutions, whereas in the remaining 3, the electric and the magnetic fields are scaled in the same way. In the particular case of k = 1 for the Galilei case there are only 3 non trivial solutions. These 3 cases are one electric, one magnetic and one with equal scaling.
In the Carroll case all the 8 solutions are present for k = 1. However, for k = D, the situation is similar to Galilei for k = 1, that is, only 3 solutions lead to a non-abelian algebra of the momenta. On the other hand, now all these solutions are of electric type.
This paper is organised as follows: in Section II we resume our method to obtain the contractions of the Poincaré group (see [11] ). Furthermore we introduce the most general contractions (or scaling) of the charges Z µν compatible with the rotational invariance. The contractions of the charges depend on three exponents. The determination of these three parameters is going to fix the non trivial inequivalent solutions for the contractions of the Maxwell algebra with no central charges, both in the Galilei and in the Carroll cases. In Section III we study the k-contractions of Galilei type leading to non trivial contractions.
In Section IIIA we study these contracted algebras in coordinate space giving the explicit expressions for the generators of the contracted generators. An analogous study is done in Sections IV and IVA for the Carroll case. Conclusions are in Section V. In the Appendix A we discuss the equivalence of two possible contractions for the Galilei case, but the same argument can be applied to Carroll. In Appendix B we prove that the definitions used for the contracted charges are the most general compatible with the rotational invariance.
II. DESCRIPTION OF THE k-CONTRACTIONS
In this Section we will study the k-contractions of Galilei and 
with η µν = (−; +, · · · , +) and µ, ν = 0, 1, ..., D.
A property that will be useful in the following is that the Maxwell algebra is invariant under the following rescaling
the exponents of the scaling of the generators correspond to the level of the generators in the Free Lie algebra description of Maxwell algebras [7] . The generator of this scaling is the generator D of the dilatations.
Since the momenta are not commuting, the quadratic Casimir P 2 is modified [1] , see also [5] [12] . Its expression is:
In order to define the k contractions of the Maxwell algebra we proceed as in [11] by partitioning the D + 1 dimensional space-time in a k dimensional Minkowskian part and in a D + 1 − k dimensional Euclidean one (for the case k = 1 see also [3, 13] ) by introducing the following set of labels for the space-time coordinates
Let us recall how the k-contractions have been defined in [11, 14] for the Poincaré case, (see also [15] [16] [17] ). We have to consider the following two subgroups of ISO(1, D): the Poincaré subgroup in k dimensions, ISO(1, k − 1) and the euclidean group of roto-translations in
In these notations the generators of ISO(1, D) are
Note that the boosts B αb connect the two subalgebras.
In [11] we have considered two types of contractions, both at the level of the Poincaré algebra and at the level of the invariant vector fields . These contractions generalise the Carroll [18] [19] [20] [21] and the Galilei algebras [22] [ 15-17, 23, 24] [ [25] [26] [27] . Notice that since we will be interested in the cases of Galilei and Carroll symmetries with no central charges.
At the Lie algebra level the contractions are made on the momenta and on the boosts as follows Galilei :
Carroll :
and taking the limit ω → ∞. The tilde generators will be the ones associated to the "non-relativistic" algebras. The resulting algebra is
Since the Poincaré algebra is invariant under a global rescaling of the momenta, the previous definition of the contractions is equivalent to:
In the Maxwell case we have seen that the algebra is invariant under the rescaling given in eq. (3). It follows that also in this case the contractions defined in eqs. (13) and (14) are equivalent to the ones in eqs. (9) and (10) . An explicit proof for the Galilei case is given in Appendix A. This proof can be simply extended to the Carroll case
We will complete the k-contraction of the Maxwell algebra through the following definition of the contracted charges Z µν that will be used both in the Galilei and the Carroll case:
In Appendix B we will prove that this definition of the contracted charges is unique if we want to preserve the covariance in the Minkowski and in the Euclidean sectors of the space-time.
Let us notice that the possible values of the three exponents t, r, s will fix the possible contractions for the Maxwell algebra.
In the following two Sections we will consider separately the Galilei and the Carroll cases.
III. CLASSIFICATION OF THE k-CONTRACTIONS FOR THE GALILEI CASE
In this Section we will determine the values of the exponents t, r, s of eq. (15) leading to a finite contracted algebra in the limit ω → ∞. The relevant commutators to be considered to this end are the following:
where we have used (13) and (15) . Let us notice that whenever one of the exponents, t, r, s is strictly greater than the values obtained in the previous equations, the commutators of the corresponding momenta vanish limit ω → ∞, that is
Therefore, the contractions corresponding to all the values of the exponents t, r, s greater than the previous values are trivial, in the sense specified in the Introduction.
Let us now consider the commutators of the boosts with the tensor charges. We have:
It follows:
The allowed regions for the parameters are shown in Fig. 1 , and are the ones to the right of the vertical lines, t = −2 and s = 0, in the upper part of the horizontal line r = −1 and in between the two diagonal lines: By inspection it is easy to find all the solutions leading to non vanishing commutators among the all momenta. We find 8 solutions that are listed in Table I . Notice that these 8 solutions reduce to 3 non trivial, in the case k = 1, due to the vanishing of the tensorZ αβ .
For all the other values of the triple t, r, s the algebra of the momenta becomes abelian.
Of course, there are infinite trivial solutions with the tensor charges having different commutation relations with the boostsB αa and withM ab andM αβ .
Notice that it is possible to obtain non vanishing commutators of the tensor charges with the boosts, whenever the parameters t, r, s are at the borders of the regions inside the diagonal lines in Fig. 1 . Without entering into a very detailed discussion, we list the four possibilities of having at least a commutator of the boosts with the charges different from zero:
In Table I we list also the relevant commutators for the 8 solutions of the exponents t, r, s.
where the coefficients C i are given in eqs. (24)−(27). In the case k = 1 the only non trivial inequivalent contractions, in the sense that they lead to a non abelian algebra of the momenta, are the ones corresponding to the solutions 1), 2) and 4).
We are now in the position to analyse in a more detailed way the so called magnetic and electric contractions that we discussed in the Introduction. In the case k = 1, we have the following charges: Z ab and Z a0 corresponding respectively to magnetic and electric field. In the usual way of discussing the non relativistic limit, one scales the finite charges. In our case the finite charges are the tilde ones. Therefore we need to consider the limit ω → ∞ of the expressions
We get the magnetic case when −t > −r and the electric case in the contrary case. In other words, the magnetic and the electric case are discriminated by the values of r − t. By looking at Table I we see that this quantity may assume three values, ±1 and 0, magnetic case corresponding to r −t = +1 and the electric case to r −t = −1. But we see that another case is possible, precisely the case where electric and magnetic field scale in the same way.
This will be called the EM case.
By extension, also for k = 1 we will define magnetic, electric and EM the cases corresponding to the three possible values of r − t. In the case k = 1 we have only three non trivial contractions of all the three types. For a generic k, there are three magnetic solutions, two electric and three EM.
A. k-contractions in configuration space
We will now consider the k-contractions in the configuration space spanned by the coordinates of the coset space Maxwell/Lorentz,. The generic element of the coset space will be written as (see ref. [6] )
with θ µν = −θ νµ . Therefore, our configuration space will be parameterised by x µ and θ µν .
The vector fields generating the Lorentz group transformations are given by:
whereas the vector fields corresponding to Z µν and P µ are (see ref.
[6])
Notice that the vector fields of eqs. (30) and (31) are the so-called right-invariant vector fields generating the opposite Maxwell algebra, implying that the right hand side of the commutation relations have the opposite sign.
The contractions on the coordinates are obtained by the inverse scaling with respect to the corresponding generators, that is, in the Galilei case:
Using eqs. (30), (31) and (32) we find
In the following Table II we give the expressions of the generators of the contracted algebra for the 8 solutions we previously found:
With this Table we conclude the classification of the k-contractions of the Maxwell algebra with no central charges for the Galilei case. 
IV. CLASSIFICATION OF THE k-CONTRACTIONS FOR THE CARROLL

CASE
We will now examine the Carroll case. The k-contraction is defined by eq. (10)
The other possibility of contractions as in eq. (14) can be shown to bring the same results, following the same lines discussed in Appendix A for the Galilei case.
The relevant commutation relations for the Carroll generators are
We define the contracted tensor charges as in the Galilei case:
Again, in order to get a well defined contracted algebra we impose the following requirements:
As for the commutators of the Carroll boosts with the tensor charges we get the same results as in eqs. (20), (21) and (22):
from which
The allowed regions are shown in Fig. 2 , and are the ones to the right of the vertical lines, From this we conclude that the non trivial solutions of the previous inequalities for the exponents t, r, s of this case, can be obtained by looking at the solutions for the Galilei case with the exchange s ↔ t. Therefore we can use the Table I of Table I . Also, exchanging s with t the differences r − t and r − s are exchanged, implying a corresponding change in the commutators with the boosts, according to the eqs.
(24)− (27) . By taking into account all this, we obtain the Table III.
Notice that contrarily to the Galilei case, where for k = 1 only 3 non trivial solutions were surviving, in the Carroll case, for k = 1 all the 8 solutions are non trivial. However. in the present case the non trivial solutions reduce to 3 for k = D, since then Z ab = 0.
As for the electric and magnetic behaviour, in the Carroll case there are 3 electric solutions, 2 magnetic and 3 EM. Therefore the number of the electric and magnetic solutions are exchanged with respect to the Galilei case. In ref. [21] only the electric and magnetic case were considered for k = 1
A. Configuration space
The contracted variables in configuration space are:
and the expressions for the generators are:
In Table IV 
V. CONCLUSIONS AND OUTLOOK
In this paper we have studied the non trivial k-contractions of the relativistic Maxwell algebra with no central charges. The peculiarity of this algebra is to give rise to non commuting momenta, which in physical terms correspond to the presence of a constant EM field expressed by the right hand side of the momenta commutators. Therefore, we have defined trivial all the contractions leading to abelian momenta. In both types of contractions, Galilei and Carroll, we have found 8 non trivial k-contractions. In the Galilei type of contractions for k = 1 there only 3 non trivial solutions due the fact that the charges Z αβ are vanishing.
In the Carroll case this does not happen for k = 1, but rather for k = D, in which case the charges Z ab are vanishing.
We have also studied the solutions from the point of view of the electric and magnetic properties. Recalling that for k = 1 the charges Z ab are associated to a magnetic field, where Z a0 to an electric one, we have followed the literature, defining these properties according to the difference r−t, where r and t are the exponents of the scaling of Z aα and Z ab respectively.
More precisely we call magnetic the solutions with a positive value of r − t. It turns out that the non trivial contractions have r − t = ±1, 0, showing that besides the magnetic and electric contractions there is another type with the fields scaled in the same way. We have called these solutions as the EM solutions. In Table V we summarise the solutions we found with respect to their electric and magnetic properties. In the Galilei case we have found 3 magnetic solutions, 2 electric and 3
EM. The situation is somewhat inverted for Carroll. In fact, in this case we find 2 magnetic, 3 electric and 3 EM solutions. The solutions enclosed in parenthesis in the For the future it would be interesting to find the central and non-central extensions of the k-contracted algebras we have found in this paper. Also if it is possible to find the relativistic Maxwell algebra times an extra algebra that by contraction gives the k-contracted algebras with extensions.
It will be also interesting to perform the k-contractions of the Maxwell algebras of reference [6, 7] and compute their extensions. 
VI. APPENDIX A -EQUIVALENT DESCRIPTION OF THE GALILEI TYPE
k-CONTRACTIONS
Galilei :P α = ωP α ,B αa = 1 ω B αa .
These two types of contractions are not equivalent in the case of the Maxwell algebra, since this is not invariant under a full rescaling of the momenta. However, performing a rescaling of the charges by a factor ω −2 we recover the Maxwell algebra. We can easily show that there no other equivalent solutions, except fo the ones found in Table I , if we perform the scaling of eq. (58). In this case we definẽ
Then, from the commutation rules of the scaled momenta we get:
, [P a ,P α ] = iωZ aα = i ω r −1Z aα → r − 1 ≥ 0,
[P α ,P β ] = iω 2 Z αβ = i ω s −2Z αβ , → s − 2 ≥ 0.
Translating all the exponents by 2: t = t + 2, r = r + 2, s = s + 2,
we recover for t, r, s the conditions given in eq. (19) . Considering that the scaling of the boosts is the same in the two cases we are considering, we get for the exponents t , r , s the same conditions we got for t, r, s in eq. (23) . Since these conditions depend only on the differences t − r and r − s , we get the same result for the translated exponents. This shows that also in this case we get the same 8 solutions given in Table I , the only difference being the overall translation of the exponent by 2.
VII. APPENDIX B -PROOF OF THE UNIQUENESS OF THE SCALINGS MADE IN EQ. (15)
We want to prove that the scaling relations assumed in eq. (15) are general if we require the rotational invariance in the Euclidean sector (analogous considerations hold for the Minkowskian sector). We separate the Euclidean subspace in two parts labelled by the following indices:
In this case we could consider the following tensor charges:
with the following scalings
